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Exercise 14

Solve the homogeneous wave equation on the half-line (0, 00) with zero initial data and with the
Neumann boundary condition u,(0,t) = k(¢). Use any method you wish.

Solution

The initial boundary value problem to solve is as follows.

U = gy, 0<z <00, t>0
u(z,0) =0 ut(x,0) =0
uz(0,t) = k(t)
Because of the Neumann boundary condition, Green’s theorem will not be used to solve this
problem. Rather, we will use the method of reflection since the wave equation is over a

semi-infinite interval 0 < z < co. In order to make the Neumann boundary condition
homogeneous, make the change of variables,

v(z,t) = u(x,t) — xk(t).
Find the derivatives of « in terms of this new variable.

ug = vy + ok’ (t)
Ut = Vgt + wk‘”(t)
Uy = Vg + k()

Ugy = Vg

As a result, the PDE v satisfies is
vt + k" (t) = vgg,

or
Uy — gy = —xk” (t).

The initial and boundary conditions associated with it are
v(z,0) = u(z,0) — zk(0) = 0 — xk(0) = —zk(0)

ve(z,0) = w(z,0) — 2k'(0) = 0 — 2k’ (0) = —2k'(0)
v2(0,t) = uy(0,t) — k(t) = k(t) — k(t) = 0.

Apply the method of reflection to solve for v. Consider the same problem over the whole line,
using the even extension of ¢ in order to satisfy the Neumann boundary condition at z = 0:

Vi — PVyy = feven(z,t), —oc0 <z <o00,t>0
V(m, 0) = ¢even($)7 V%(«Tv 0) = weven(x)a

where

—zk(0) ifxz >0
zk(0) ifx <O

—zk'(0) ifx>0
zk'(0)  ifx <0

—xk"(t) ifz>0

¢even(x) = { {L‘k‘”(t) ifx <0 ‘

and  Yeyen () = { and  feven(z,t) = {
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The solution for the inhomogeneous wave equation over the whole line is given by

1 T+ct
V(l’, t) = §[¢even(m + Ct) + ¢even($ - Ct)] + 2_6 / weven(xO) diUO

—ct
x+c(t—to)
/ / feven (CL“O, tO) dl‘O dtO-
t to

The solution for v is then just the restriction of V' to = > 0.

1 1 r+ct
U(SL’, t) = §[¢even($ + Ct) + ¢even(x - Ct)] + 2_6 / weven(xO) dxg
m+c t to
/ / feven(xm to) dl’o dto, x>0
t to)
Our task now is to write this formula in terms of the given function k(¢). Note that

—(x+ct)k(0) ifz+ct>0

_ —(z —ct)k(0) ifx—ct>0
Poveniet) = {(aj Fetk(0) it et <0

and  Peven (2—ct) = {(w —et)k(0)  ifz—ct<0’

so for every region in the zt-quarter-plane, we have to test whether « — ¢t and x + ct are greater
than or less than zero.

x+ct>0
x—ct>0

Figure 1: This figure illustrates the regions in the xt-quarter-plane that come about from using
the even extension of each function. The solution for v has to be considered in each one. The
characteristic line x — ¢t = 0 is the line that separates the regions.
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The Blue Region: x —ct >0

In the blue region = + ¢t > 0 and x — ¢t > 0, so the solution for v is

1 1 x+ct :c—i—c t to
’U(IE, t) 7[¢even(5C + Ct) + ¢even($ - t)] + / ¢even 550 de + / / feven Zo, tO) de dtO
2 2¢ x—ct xr— c t to
1 x+ct :1:+c t to
5[ (x + ct)k(0) — (z — ct)k(0)] + 5 / [—20k'(0)] dxo + — / / [—xok” (to)] dwo dto
CJa—ct z—c(t—to)
1 (0 2 1x+ct 1 9 1z+c(t—to)
= Y k() - %0 / K (to) 20 dto
2 2c 2|, 4 2 2 w—c(t—to)

— —ak(0) = PO g0y - 2i / K (t0)[2¢( — to)] do

2c c
1

0
$/Ot]€ (to)(to — t) dto

t
o[t -o| - [ (o)t
= —zk(0) — tak/(0) + [~k (0)(—t) — k(t) + k(0)]

= —ak(0) — tak'(0) + z[tk'(0) — k(t) + k(0)]

= —zk(0) — TTRQ) + TTRHQ) — wk(t) +
= —xk(t)

= —xk(0) — tzk'(0) +
= —xk(0) — tzk'(0) +

Therefore, since u(z,t) = v(z,t) + zk(t),

u(z,t) =0, z—ct>0.
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The Magenta Region: = —ct <0

In the magenta region 4+ ¢t > 0 and = — ¢t < 0, so the solution for v is

—ct

1 x+ct :c—i—c t to
’U(IE, t) = §[€th3\/en(5C + Ct) + ¢even($ - t)] + 26/ ¢even 550 de + / / feven Zo, tO) de dtO
T c(t—to)

0 T+ct
= Sl + eR(0) + (& — cR(O)] + 5 { | ek O oo+ [ (et 0) dazo]

2c —ct

1 t—2 0 x+c(t—to)
+ { / [ [ wokodn + ok (to)] d:co] dto
2¢c 0 z—c(t—to) 0

:E+c t to
/ / [—x0k” (t0)] dzo dto}
—= t to)

1 K(0) ( 2 23 [*
= 5[—2ctk(0)] 5 ( 2T 21,

1 t—2 210 22 |2Het=to) t 2 (z+c(t—to)

+ {/ K (to) [ &l - % } dto —/ K (to) 20 dto}

2¢ Lo 2 loclt—ty) 2 t—= 2 a—c(t—to)
_ EO), o 2 i L i 2 2
= —ctk(0) + 1 [—(z—ct)” — (x4 ct)’] + " E"(to)[—(z — ct + cto)” — (x + ct — cty)*] dio

0

_ /; K" (to)[(z + ct — cto)? — (z — ct + ct)?] dto}
= —ctk(0) + @[—z(a:2 + )] + 416{/(:_72 K" (to){—2[z® + ¢ (to — 1)°]} dto
_ /t t K (to) [~ dea(to — 1) dto}

= —ctk(0) — @(ﬁ + 2t?%) — 216/;_95 K (to)[x? + c2(to — t)?] dto + x /tt K" (to)(to — t) dto

2c z
— th(0) — k;(? (2? + 212 c
_;C[k’(to)[x T :_i - /Ot_i K (t0)2¢2 (o — 1)] dto}
b [k’(to)(to — 1) Z_z - /,: K (1) dto}
= —ctk(0) — k;(f) (2% + *t?) C °
_ % [k/ <t _ i’j) (222) — K'(0)(2? + ?) — 262 /Oti K (to) (to — t) dto]
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Continue with the simplification.
/ / t—Z
o(a ) = —cth(0) — P10 2 7 —W+ K(O) 2 ooy +c/ K (ko) (to — t) dt
c c c 0

2 ) o on(1- 2)
Cc C
“k

= —ctk(0) — xk(t) + zk <t - :c) + c/ot_ "(to)(to — t) dto

= —ctk(0) — xk(t) + zk <t

— _cth(0) — k(L) + xk <t - ”C”) + c[k <t - ”Z) <x> — R (0)(—t) — /t_c k(to) dto}
— kO] — ah(t +M Nuﬂe@— o [ kito) dio

— k(t) - /Ot (to) dt

Therefore, since u(x,t) = v(z,t) + zk(t),
-2
u(x,t) = c/ k(to) dto, = —ct <O.
0
In conclusion, the solution to the initial boundary value problem is

t—2
—c k(to) dty ifx—ct <O
wrty= e f, -

0 ifx—ct>0
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